Micro/nanoscale thermal transport by phonons beyond the relaxation time
  approximation: Green's function with the full scattering matrix by Chiloyan, Vazrik et al.
 1 
 
Micro/nanoscale thermal transport by phonons beyond the relaxation time approximation:  
Green’s functions with the full scattering matrix 
 
 
 
Vazrik Chiloyana, Samuel Hubermana, Zhiwei Dinga, Jonathan Mendozaa, Alexei A. Maznevb, Keith A. 
Nelsonb, Gang Chena*1 
 
 
aDepartment of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA 
bDepartment of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA 
 
 
 
 
The phonon Boltzmann transport equation (BTE) has been widely utilized to study thermal 
transport in materials within the relaxation time approximation (RTA).  However, the RTA limits 
the study to materials for which this mean field scattering assumption is a valid approximation, 
preventing the study of a wider class of materials, including graphene and diamond. Here we 
develop a Green’s function solution of the linearized BTE for an arbitrary distribution of heat 
sources in an unbounded medium, which includes the full scattering matrix, and provide an 
analytical expression for the temperature distribution. We provide a condition on the scattering 
matrix to satisfy energy conservation simply in terms of the phonon frequencies, group 
velocities, and mode specific heat.  We provide numerical calculations for graphene for the 
particular geometry of a spatially sinusoidal heating profile to highlight the importance of using 
the full scattering matrix compared to the RTA. 
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First principles calculations are rapidly becoming established tools for accurately calculating the 
bulk lattice thermal conductivity and phonon scattering rates for various crystalline 
materials  [1–4]. Using the first principle data as input, the effect of heating geometry and 
boundaries on thermal transport has been studied under the relaxation time approximation 
(RTA)  [5–9]. However, the RTA has an inherent flaw in that it is not energy conserving, and is 
best suited to describe materials with low Debye temperatures  [1,10]. Furthermore, at low 
temperature, interactions between phonons can be dominated by normal processes (N-scattering), 
where momentum is conserved, leading to a conceptual inadequacy of the RTA description in 
which all scattering events are treated as momentum-destroying.  In order to properly take care 
of the N-scattering process, the exact solution of the linearized BTE (LBTE)  [11] is required. To 
side step the large computational cost of an exact solution, the iterative solution to the LBTE was 
proposed  [12] and then implemented  [1,12–14] to study the limited case of diffusive transport 
in single crystal. To date, the effect of source pattern has never been fully considered in the exact 
solution to LBTE and the boundary effect is taken into consideration via a phenomenological 
model  [13,14], of which the accuracy has not been justified. 
 More recently, modern computational capabilities have made it possible to solve the LBTE 
directly using matrix algebra  [15], as opposed to an iterative numerical procedure.  By 
diagonalizing the scattering matrix, a “relaxon” description of transport was used to characterize 
transport beyond the RTA [9].  In a follow-up work, Cepellotti et al. looked at in-plane and 
cross-plane thermal transport in two dimensional materials, but the chosen boundary conditions 
failed to capture the temperature jump at the wall and is thus restricted to diffusive temperature 
profiles  [16].  
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 The analysis considered here aims to solve the LBTE with non-stationary and non-uniform 
heating profiles and provide a framework for the study of nondiffusive heat transport beyond the 
RTA.  Recently, a Green’s function solution was derived for the BTE within the RTA  [17].  
Here, we solve for the temperature distribution from the LBTE with the full scattering 
matrix  [13,18], which contains the full details of scattering between phonon modes.  We obtain 
the temperature distribution for a medium with no boundaries and with a general space and time 
dependent volumetric heat generation rate.  This extends our ability to study thermal transport in 
the micro/nanoscale regime for materials for which the RTA fails, and provides the ability to 
validate the RTA for various materials. This solution provides a framework from which any 
heating configuration can be constructed, and hydrodynamic phenomena such as second sound 
can be studied  [19]. We provide numerical data for the simple configuration of a steady state 
thermal grating (SSTG) in one dimension to demonstrate the difference between the thermal 
transport predicted by using the full scattering matrix vs. the RTA for graphene. 
 
Given an arbitrary volumetric heat generation rate Q !r, t( ) , we wish to calculate the temperature 
response T !r, t( ) = T0 +!T
!r, t( ) , in an anisotropic medium, where T0  is the background reference 
temperature, and !T  is the temperature change due to the heating Q.  We do not consider any 
boundaries in this geometry, and solve only for an extended homogeneous domain.  We solve the 
LBTE to develop the general temperature response, which will depend on the material’s phonon 
properties as well as the imposed volumetric heating. We start with the anisotropic LBTE with 
the full scattering matrix:  
!fn
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#fn =Qn
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where n is a short hand index for a given phonon mode (branch and wave vector in the Brillouin 
zone), !n  is the frequency of the given phonon mode, fn  is the nonequilibrium distribution 
function, fn0  is the equilibrium distribution function, which is given by the Bose-Einstein 
function fn0 = fBE
!!n
kBT
!
"
#
$
%
& , defined as fBE x( ) !
1
ex "1  .  The form of the LBTE provided by Eq. (1) 
is linearized such that deviations of the nonequilibrium distribution fn  from the equilibrium 
distribution fn0  are small, so that the difference between nonequilibrium and equilibrium 
distribution functions only appear to linear order in Eq. (1) and not higher orders. 
The temperature T is defined as the value for which the equilibrium energy density of phonons 
matches the nonequilibrium energy density, i.e.:  
1
N! !"n fBE
!!n
kBT
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"
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%
&
n
' = 1N! !"n fnn
'        (2) 
The parameter N represents the number of discretized points in the Brillouin zone, and b to be 
the number of branches for the crystal, so that M is the number of phonon modes, i.e. M = bN. 
The d-dimensional volume of the crystal unit cell is given by !  (which will be an area in two 
dimensions). The discrete sums can be converted to continuous integrations over the Brillouin 
zone as !( )
n
" = !( )
!
k
" # N! d
dk
2"( )d
!( )$
s=1
b
"
s=1
b
" , where s is an index running over the b branches of 
phonons.  The matrix Wn, j  is a general scattering matrix (M by M), acting on the difference 
between the equilibrium and nonequilibrium distribution functions. The RTA is the simple case 
of a diagonal matrix with the relaxation times appearing as Wn, j =
1
! n
"n, j .  The volumetric heat 
generation rate for a given mode, Qn , is given by Qn = pnQ , where Q is the macroscopic 
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volumetric heat generation rate, and the values pn  correspond to how much a given mode is 
excited by the heating. These fractions are, of course, non-negative, and normalized so that 
pn
n
! =1 .  The thermal distribution is the particular case where the fraction is given in terms of 
the relative contribution of a phonon mode to the heat capacity, i.e. pn = cn /C .  The heat 
capacity of a phonon mode at a reference temperature T0  is given by 
cn =
!!n
N"
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fBE
!!n
kBT0
"
#
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2
, where kB  is the Boltzmann constant. This yields the 
total heat capacity C = cn
n
! . 
 
If we linearize in terms of the temperature rise above the background, we obtain:  
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To simplify, we utilize the deviational phonon energy density per mode, given by 
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.= cn/T , to yield the linearized BTE in 
terms of the deviational phonon energy density after proper scaling of Eq. (1):  
!gn
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1
! j
c j$T % gj( )
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&        (4) 
The LBTE given by Eq. (4) is now further linearized such that not only are deviations of the 
nonequilibrium distribution from the equilibrium distribution at the local temperature small, but 
also the deviations of the equilibrium distribution from the background constant temperature 
distribution are also small.    
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In this notation, the energy density above the background is given simply as gn
n
!  and the heat 
flux by gn
!vn
n
! .  The scattering matrix W will depend on the background room temperature T0  
but not on the temperature rise !T  in the linearized regime.  Linearizing Eq. (2) gives the 
temperature rise as the ratio of the nonequilibrium energy density of phonons divided by the heat 
capacity:  
!T = 1C gnn
"           (5) 
The full scattering matrix is constructed to be inherently energy conserving.  To see this 
restriction on the scattering matrix, we insert the temperature of Eq. (5) into Eq. (4), and by 
summing over all modes, energy conservation for an arbitrary distribution for gn  will require:   
sum D1WD1!1
!en"# $%=
1
C sum D1WD1
!1!c"# $%        (6) 
which must be true for every phonon mode indexed by n ! M[ ]  here, where !en is a unit 
Cartesian vector, and D1[ ]n, j = !n, j"n  is a diagonal matrix containing the phonon frequencies. For 
a scattering matrix which satisfies the condition of Eq. (6), the system is energy conserving in 
any heat transfer configuration.  For the RTA, the scattering matrix is diagonal, so by inserting 
the RTA for scattering, given by Wn, j =
1
! n
"n, j , we get the following restriction for the relaxation 
times in order for the system to be energy conserving:  
1
! n
=
1
C
cj
! jj
!           (7) 
Therefore implying that the relaxation times must be the same for every mode. Thus, the only 
conserving diagonal matrix W is one where all of the diagonal entries are the same, which is only 
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satisfied if W is an identity matrix with a single relaxation time.  Since phonons have a spectrum 
of relaxation times, what is typically done to alleviate the breaking of energy conservation for the 
RTA is a re-definition of the temperature, such that the energy conservation equation (the sum of 
Eq. (4) over all phonon modes) is used to obtain a temperature, called the pseudo-temperature in 
literature  [20,21], as opposed to a temperature defined from the energy density given by Eq. (5).  
In our formalism, the scattering matrix formally is energy conserving and the temperature is 
defined from the energy density. 
 
To solve for the phonon distribution for a system with no boundaries, we take the spatial and 
temporal Fourier transform of Eq. (4) to convert the differential equation into an algebraic matrix 
equation, and solve for the Fourier transform of the deviational non-equilibrium distribution 
function to yield:  
!"g = "QA!1 !p+" "T I ! iA!1D( ) !c         (8) 
where we utilize the following notation to define the vectors and matrices in this work:  
!g[ ]n = gn
!c[ ]n = cn
!p[ ]n = pn
D[ ]n, j = !n, j ! +
!q ! !vn( )
A[ ]n, j =Wn, j
!n
! j
+ i!n, j ! +
!q ! !vn( )
      (9) 
We note that !  represents the frequency from the Fourier transform, not to be confused by the 
frequency of a particular phonon mode !n .  We solve for the temperature after inserting the 
solution to the LBTE of Eq. (8) into Eq. (5) to yield:  
! !T = !Q
sum A"1 "p#$ %&
sum iA"1D"c#$ %&
         (10) 
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where we define the sum operation of a vector to add up the values of its elements, i.e. 
sum !a[ ] ! an
n
" . 
Eq. (10) is the main result of this work.  This provides the general temperature response from the 
LBTE for a configuration with no boundaries, but with an arbitrary heating profile, with the full 
scattering matrix under the linear temperature response assumption.  By inverse Fourier 
transforming, we obtain the general temperature response as a function of time and position. The 
computational difficulty lies in inverting the matrix A which involves the full scattering matrix 
W, which can be a large matrix given the size of the discretization of the Brillouin zone and the 
number of branches of the crystal.  
In comparison, the solution to the Fourier heat conduction equation for an anisotropic medium in 
d-dimensional space is obtained by similarly using a spatial and temporal Fourier transform to 
yield:  
! !T "q,!( ) =
!Q "q,!( )
i!C + !qTK!q
         (11) 
where C is the volumetric heat capacity and K is the thermal conductivity tensor, which we leave 
general except for the requirement of it being positive definite  [22].  The superscript T 
represents the transpose of the of the spatial wave vector q.   
 
Taking the solution of Eq. (10) and inserting into Eq. (8) yields the nonequilibrium phonon 
energy density distribution:  
!"g = !Q A!1 !p+
sum A!1 !p"# $%
sum iA!1D!c"# $%
I ! iA!1D( ) !c
&
'
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Using the phonon distribution function, one can calculate more than just the temperature, and can 
obtain the response of individual phonon modes. 
 
We note that Eq. (10) is not simply a generalization of Eq. (13), but rather comes from a more 
rigorous formalism that utilizes an energy conserving scattering matrix to describe phonon 
scattering. Since the RTA is not energy conserving, Eq. (10) cannot be used to recover the 
solution for the RTA obtained previously [17], as Eq. (10) utilizes the definition of temperature 
given by Eq. (5) and assumes an energy conserving scattering matrix W which satisfies Eq. (6).  
If we solve for the pseudo temperature, while an energy conserving scattering matrix will yield 
identical results to the temperature of Eq. (5), the RTA will show a difference due to its breaking 
of energy conservation.  The RTA form of the scattering matrix, given by Wn, j =
1
! n
"n, j , makes 
the matrix A diagonal and easily invertible, yielding An, j!1 = !n, j
! n
1+ i! n ! +
!q " !vn( )
.  Inserting this 
inverse matrix into the pseudo temperature expression yields:  
! !TRTA = !Q
1
1+ i! n " +
!q " !vn( )
pn
n
#
i!C + " n ! +
!q " !vn( )2
1+ i! n " +
!q " !vn( )
cn
n
#
       (13) 
If the crystal is isotropic, the sum over the phonon wavevectors can be simplified to first an 
integral over the solid angle, thus reducing to the exact form for the isotropic RTA obtained 
previously  [17].   
 
This formalism and the solution provided by Eq. (10) allows us to study thermal transport in the 
absence of boundaries in the nondiffusive regime.  As a particular example, we study the one 
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dimensional steady state thermal grating (SSTG), in which the heating in the system is given by 
a spatial sinusoid. A steady state sinusoidal thermal grating is given by Q =Qei
!q!!r  in 
complexified notation.  This is a grating in one dimension along the direction of the vector q in 
the 3D volume with a grating period ! = 2" / q . The beauty of this geometry is that the 
temperature distribution predicted by the Fourier heat conduction equation and by the LBTE are 
identical: both are sinusoids of the same spatial wavevector q as the volumetric heating profile. 
The temperature profile from the Fourier heat conduction equation is given by 
!TFourier =Qei
!q"!r 1
q2kqˆ
 where kqˆ ! qˆTK qˆ  is the element of the thermal conductivity tensor in the 
direction of the thermal grating. By matching the Fourier temperature profile to the solution of 
the LBTE for the case of a SSTG from Eq. (10), an effective thermal conductivity is derived 
which depends on the grating spacing !  and has a similar structure as previous effective thermal 
conductivities derived using the variational method  [23,9,24] where the numerator depends on 
the contribution of phonons to the specific heat and the denominator depends on the what 
phonons are excited due to the heating:  
kqˆ =
1
q2
sum iA!1D!c"# $%
sum A!1 !p"# $%
         (14) 
where the matrix A is given by A = D1WD1!1 + iD  like before, but the matrix D simplifies to the 
steady form (zero frequency) given by Dn, j = !n, j
!q ! !vn( ) .  Visually, the appearance of the 
complex number i is not an issue as the inversion symmetry of the crystal will guarantee that the 
effective thermal conductivity will be a purely real quantity.  This conductivity is valid for d-
dimensional material in the absence of boundaries or when the scattering at boundaries does not 
have a strong effect on the thermal transport.  The effective conductivity obtained for the steady 
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state configuration is exactly the conductivity that would be obtained from a variational solution 
with the energy conservation condition considering a control volume over all time  [23]. 
Therefore, for the one dimensional transient thermal grating decay, the conductivity from Eq. 
(14) is one that matches the area under the decay curve from the exact solution to the 
approximate variational solution. 
 
We explore the comparison between the full scattering matrix as well as the RTA for graphene to 
motivate the need for the full scattering picture and how much of an error utilizing RTA will 
yield.  Figure 1 shows the effective thermal conductivity under these 3 conditions as a function 
of the grating period for the case of a thermal distribution pn = cn /C .  This represents the first 
effective thermal conductivity derived for a material with the full scattering matrix in a 
nondiffusive heat transfer configuration without boundary scattering.  
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FIG. 1. Effective thermal conductivity of graphene at room temperature as a function of the 
grating period. The effective conductivity calculated with the full scattering matrix as well as 
with the RTA using the pseudo temperature to extract the conductivity are shown for a 
discretized Brillouin zone mesh of 64 x 64 x 1 using a Gaussian smearing parameter of 25 cm-1. 
 
Details of the construction of the scattering matrix can be found in a previous work by Fugallo et 
al. [13] and the parameters used for this work can be found in the supplemental materials. We 
note that the macroscopic regular value of the thermal conductivity is different depending on the 
scattering kernel used, and the grating period at which this is achieved is also different. Figure 1 
shows that the macroscopic value of the conductivity is recovered at a grating period of around 
100 micron, whereas with the RTA this occurs around a few micron.  Thus the onset at which 
nondiffusive thermal transport occurs is different depending on the scattering kernel used, and 
the RTA under-predicts the grating period at which this occurs.  In the ballistic limit, which 
occurs for very short grating periods, the results coincide as the scattering kernel chosen is no 
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longer important in the ballistic limit where phonons travel across the short grating period 
without scattering. 
 
In conclusion, we present the temperature solution to the LBTE in the linear temperature rise 
regime with the full scattering matrix.  We present the LBTE with a matrix formalism, allowing 
for a wide variety of thermal transport phenomena and heating geometries to be studied.  This 
formalism does not include the effect of boundary scattering, but allows for an arbitrary spatial 
and temporal volumetric heat generation rate, as well as the ability to study the effect of the 
source phonon distribution pn  with the full scattering matrix, which has been shown to have a 
large effect on the thermal transport under the RTA  [25].  This exact solution can also serve as a 
benchmark to study the validity of the RTA for a variety of materials not only under bulk 
transport, but also in the nondiffusive thermal transport regime, allowing for a more systematic 
understanding of the validity of the RTA and also for the opportunity to study a wide variety of 
materials for which the RTA is a poor assumption. 
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